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1. Introduction 

In conformal field theories the correlation functions of conformal primary operators 
<pi satisfy non trivial identities obtained by expanding various pairs of operators dis- 
appearing in the correlation function using the operator product expansion. Assuming that 
in such correlation functions <pi(xi)<pj(xj) has a convergent operator product expansion in 
terms of a complete set of of operators with differing spins and scale dimensions then 
it is natural to formulate bootstrap equations relating the expansions for each pair 
Individual contributions to each expansion are identified as conformal partial waves if 
they include the contributions in the operator product expansion of a conformal primary 
operator , with scale dimension A and spin £, and also all its descendants formed by 
the action of derivatives on U A . To find ways of making the bootstrap equations tractable 
it is important to have succinct mathematical expressions for the conformal partial waves. 

For four point correlation functions the conformal partial waves G A are functions of 
two conformal invariants u, v. They can be determined by requiring them to be eigenfunc- 
tions of the Casimir operators of the conformal group, subject to appropriate boundary 
conditions, with eigenvalues given in terms of A,£. The conformal group is non compact 
so that A is allowed to vary continuously, although subject to restrictions to ensure uni- 
tarity. From the 1970's onwards, when the conformal bootstrap was first proposed, various 
formulae for the conformal partial waves G^ have been derived although these are often 
rather involved [1,2,3]. More recently expressions for conformal partial waves as functions 
of u, v have been obtained in terms of Mellin-Barnes integral representations [4,5,6,7]. 

Acting on G^(u,v) the quadratic Casimir reduces to a linear second order operator 
in u, v. For I = solutions may be obtained as a double power series in u, 1 — v although 
there is no simple generalisation for I > 0. With a Mellin-Barnes representation where 
the conformal partial wave is expressed as a s,t integral over u 8 v t the eigenvalue equa- 
tion reduces to a six term difference equation involving the two independent integration 
variables s,t [6]. As shown here in the particular case of leading twist, essentially for di- 
mension d when A = i + d — 2, the conformal partial wave is annihilated by an additional 
second order differential operator. This renders finding explicit solutions in this case, by 
various techniques, much more tractable. The leading twist case is particularly relevant in 
superconformal theories when it corresponds to the contribution of semi-short operators. 

In two and four dimensions, with extensions possible for any even dimension, quite 
simple results have been found which have been found useful in bootstrap applications 
[8,9,10]. These are described in two previous papers [11,12]. The essential step to achieve 
a relatively simple form for the conformal partial waves is to express them in terms of 
symmetric functions of two variables x, x, which are determined by the conformal invariants 
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u, v. In terms of x, x the eigenvalue equation simplifies and the conformal partial waves 
involve just products of ordinary hypergeometric functions, depending on three parameters, 
of x and x. The degree of complication is independent of i. In the leading twist case the 
conformal partial wave reduces to a single variable function. In terms of the variables x, x 
the additional second order operator for leading twist is a reduction of the d-dimensional 
wave operator, and the simplifications for even dimensions are a reflection of Huygens 
principle. 

In many respects results for conformal partial waves are a non compact analogue to 
expressions for two variable harmonic polynomials, for which there is an extensive literature 
[13,14,15,16] and which also extends to consideration of symmetric functions of p variables 
for any p [17,18]. For p = 1 the harmonic polynomials of interest are just the classical 
Jacobi polynomial Pn' (y) which may be defined by requiring them to be orthogonal 
for n = 0, 1, 2, . . . with respect to the measure dy (1 — y) a (l + y)^ for y E [—1, 1]. Their 
symmetric two variable extensions defined in [13] Pnm^' 7 \y + y,yy) are orthogonal with 
respect to the measure dy dy ((1 — y)(l — f/)) a ((l + y)(l + y)) 13 \y — y\ 2l+1 . For 7 = ±^ 
there is an explicit construction in terms of the single variable Jacobi polynomials which 
is identical to the formulae for dimension d = 2, 4 conformal partial waves in terms of 
hypergeometric functions. In general the correspondence requires 27 — > d — 3. For any 7 in 
[13,16] it was shown that the two variable harmonic polynomials satisfy various recurrence 
relations for which there may be expected to be equivalent results in the non compact case. 
Previous results [12] gave partial support for this and we endeavour to derive in this paper 
expressions for derivative operators relating conformal partial waves. 

In section 2 of this paper we define conformal partial waves in terms of eigenfunc- 
tions of the quadratic Casimir of the conformal group. Single variable functions g p (a, b; x) 
which play an essential role in the construction of conformal partial waves are introduced. 
These are hypergeometric functions, up to an additional power x p , and are the non com- 
pact analogs of the Jacobi polynomials Pn'^\y). The equations for the conformal partial 
waves are simplified by introducing the new variables, x, x, so that they become symmetric 
functions F\ 1 \ 2 (a, b; x, x) with Ai ; 2 = ^(A ± €) and a, b determined by the dimensions of 
of the operators appearing in the four point function. In section 3 we describe a con- 
formally invariant integral which may be expressed in terms of the sum of a conformal 

(£) 

partial wave corresponding to the contributions arising from an operator O a and also its 
shadow 0^_ A . This leads to a Mellin-Barnes integral expression which reduces the prob- 
lem of determining conformal partial waves to solving a multi-term difference equation 
with polynomial solutions in the two complex variables s, t of degree I. Explicit results are 
given for I = 1,2. More general solutions have an algebraic complexity which increases 
rapidly with £, although results may be obtained for the leading twist case by solving a 
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three term difference equation. 



In section 4 various recursion relations for conformal partial waves in general dimen- 
sions are obtained. These involve the construction two sets of differential operators each of 
which are related by considering commutators with the differential operator representing 
the quadratic Casimir. By including the quartic Casimir, which is a fourth order dif- 
ferential operator, these form two closed algebras which ensure that their action in each 
case generates a finite number of conformal partial waves with A, i differing by ±1 and 
in the first example also a, b differing by ±|. We also construct second order differential 
operators which acting on F\ 1 \ 2 (a, b; x, x) change a, b by ±1 and the dimension d by ±2. 
Applying these shift operators twice leads to eigenvalue equations which are equivalent to 
those given by the quartic Casimir. In section 5 previous results found in [12] for d = 4, 6 
are obtained from the d = 2 result using the dimension raising operator. The conformal 
partial waves are formed from two g p functions depending on x,x. In section 6 conformal 
partial waves for d = 1, when they reduce to just one single variable function g p (x) since 
kinematics require x = x in this found. For d = 3 solutions for restricted Aq are 

found using an integral representation related to the Bateman transform for solutions of 
the three dimensional wave equation. 

Some supplementary mathematical results are described in five appendices. Appendix 
A evaluates some relevant two dimensional conformal integrals. In appendix B we show 
how analogous results are obtained for the two variable extensions of Jacobi polynomials 
and which may be mostly found in the mathematical literature. In appendix C we show 
how the apparent singularity in the six dimensional case cancels while in appendix D 
we obtain some results for conformal partial wave expansions when only leading twist 
operators are present. An alternative construction for conformal partial waves based on 
an expansion in terms of Jack polynomials, used previously in [12], in described briefly in 
appendix E although the general form is very complicated. 

2. Definitions and General Results for Conformal Partial Waves 

The four point function for four scalar primary operators 4>i with scale dimensions A^ 
has the general form 



(0i(:ei) 2 (^2) ^3(^3) <M^4)) 



(x 12 2 )5( A i+ A 2) (x 3 4 2 )^ (A3+A4) V^14 2 




(2.1) 



where 



i 



Aij = At 



A, 



•3 > 



(2.2) 
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and u, v are the two independent conformal invariants 

2 2 2 2 

#12 #34 #14 X23 , n n 

U= 2 j, U= 2 2- ( 2 - 3 ) 

Xl 3 / X 2 4 #13 #24 

The conformal partial waves (u, v) are so defined so that the conformal partial wave 
expansion becomes 

F(u,v) = J2^A,tG ( l\u,v). (2.4) 
A,e 

where G^(u,v) is the contribution of an operator , with scale dimension A and spin 
£, and its descendants to the operator product expansion of 0102 or 0304. 
(£) 

The operator and also all its descendants are eigenvectors of the Casimir operators 
formed from the generators Mab = —Mba, A, B = 0,1, . . . , d + 1, of the conformal group 
SO(d, 2) acting on and which obey the algebra 

[M A b, M C d] = Vac M B d - Vbc M A d - Vad M B c + Vbd Mac , (2.5) 

with t]ab = diag.(— 1, 1, . . ., 1, —1). For the quadratic and quartic Casimirs constructed 
from Mab we then have 



\ M AB M BA 0$ = C A , e of , 
\ M AB M BC M CD M DA Of> = D A/ Ol ] , 



(2.6) 



where 



C A , e = A(A -d) + £(£ + d-2), 

D A/ = A 2 (A - df + \d{d - 1) A(A - d) (2.7) 
+ £ 2 (£ + d - 2) 2 + \{d - 1) (d - 4) £(£ + d-2). 

If MiAB are the generators acting on 0j then conformal invariance of the correla- 
tion function requires ^ Mi ab{4>i{ x i) 02(#2) ^3(^3) 04(#4)) = 0. The essential equation 
determining the conformal partial waves is then 

(2.8) 

This leads directly to the two variable second order equation 

VG i l\u,v) = ±C A , i G { l ) (u,v), (2.9) 
4 



for 



( v^- + a + b J + u^- ( 2 u^- - d 

\ ov J ou\ ou 



a a \r 8 a (2 ' 10) 



where 



- (1 + u - v)[ u— + v— + a u— + v— + b 
1 ou ov I \ ou ov 



a = -±A 12 , 6=|A 34 . (2.11) 



The contribution of an operator O a to the four point function from the operator 
product expansion then has the form 

(01 (Xi) </> 2 (x 2 ) <f> 3 {x 3 ) faM^to^-oW 

1 f^Yf^W, Mt), (2J2) 



U?J U?J 



(x 12 2 )^ Al+A2 ) (X 34 2 )^ A 3+ A 4) V^24 2 y W 

It follows directly that the conformal partial waves satisfy symmetry relations under 
1 -H- 2 and 3 <-» 4, 

G$(u/v,l/v) = (-1)VG<? („,,,) \ a ^_ a = (-l)'v*G${u,v)\ M , (2.13) 

and, by considering 1 -h- 4, 2 -h- 3, is also a symmetric function of a, b. 

To leading order as u ->■ 0, u ->■ 1, £>(w p (l - v) 9 ) ~ (p(2p-d) + q(2p + q- l))u p (l -v) q 
so that the relevant solutions of (2.9) for conformal partial waves may be determined by 
imposing the boundary conditions 

G ( l\u, v) = c t u^ A - e \l - v) e (l + 0(u, 1-v)). (2.14) 

The constant q in (2.14) is inessential and may be set to 1 but it is convenient here to 
allow for more general possibilities, although we require cq = 1. 

As previously mentioned for general dimensions d and I > results for G^(u,v) 
do not have any simple form and so are not readily useful. For d = 2, 4 more explicit 
expressions have been found [11,12]. These involve using the different variables x, x defined 
in terms of u, v by 

u = xx , v = (1 — x)(l — x) . (2-15) 

In the Euclidean domain x, x are conjugates. With (2.15) G^ becomes a symmetric 
function of x, x 

G%(u,v) = F XlX2 (x,x) = F XlX2 (x,x), (2.16) 
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for 

A 1 = |(A + £), A 2 = ±(A-£), £ = Ai -A 2 =0,1,2,... . (2.17) 
Corresponding to (2.14) we have the boundary conditions 

where the limit x — > is taken first. The differential operator V in (2.10) becomes in terms 
of x, x 

= A( £ )(a,6) = D x (a,6) + ^(a,6) 

+ 2 X ^ ((1 ) ® (1 ~) ^ ) (2-19) 
for D the single variable differential operator defined by 

d 2 d 

D x (a, b) = x 2 (l - x)—r - (a + b + 1) x 2 abx , (2.20) 

ax z ax 

and for 

e = \{d-2). (2.21) 

Unless necessary the dependence of A^ e \ and also D x in (2.20), on a, b is suppressed when 
there is no ambiguity. 

The eigenvalue equation (2.10) is then equivalent to 

A^F AlA2 Or, x) = c XlX2 F\ 1 \ 2 (x, x) , c\ 1 \ 2 = Ai(Ai - 1) + A 2 (A 2 - 1 - 2e) , (2.22) 

for symmetric functions F XlX2 (x, x) subject to the boundary conditions (2.18). When it is 
desirable to exhibit the dependence on a, b or e the conformal partial waves are written as 
F\ 1 \ 2 (x,x) ee F^ £ \ lX2 (a,b;x,x). The symmetry relations (2.13) by virtue of (2.16) now 
become 

F Xl X2 (a, b; x', x') = (-l) l v b F XlX2 (-a, 6; x, x) , (2.23a) 
= (-lYv a F XlX2 (a,-b;x,x), (2.236) 



with v as in (2.15) and 



x' = — — r > = 4t • (2-24) 

x — 1 x — 1 



The conformal partial waves F Ai a 2 (x,x) may be regarded as functions of the elemen- 
tary symmetric functions of two variables, x + x, xx. The limiting result given by (2.18) 
may be extended for x = O(x) to the form 

F XlX2 (x,x) ~ (xx)? A (f(a) + 0(x + x,Vx^)) , (2.25) 

x,x— 



for 

a = £±L . (2.26) 
2{xx) 2 

Substituting (2.25) into (2.22), with the boundary conditions (2.18), requires 

(a 2 -l)f"(a) + (l + 2e)af'(a)=e(e + 2e)f(a), f(a) ~ c e (2a) £ . (2.27) 

(T — > CO 

The relevant solutions of (2.27) are Gegenbauer polynomials we may then write 

f(a) = £{(*) , (2.28) 
choosing an alternative normalisation so that 

Cf(a) = -£-Ci(a), (7/(1) = 1. (2.29) 

In this case in (2.18) 

d - = . (2.30) 

An additional reduction to a single variable function, for any s, may be found by 
considering a limit in which x — > since, using A( e ) ~ D x + x 2 -§=z — 2e^^, 

A (e) (x 9 ^(x)) = (D^x) +q(q-l- 2e)g(x)) + 0(x q+1 ) . (2.31) 

Hence the limiting behaviour (2.18) alternatively extends to 

F XlX2 (x,x) ~ c Al _ A2 x A2 <7 Al (x), (2.32) 

so long as g Xl is a solution of 

Ac (a, 6) </ P (a, 6; a) = p(p - 1) P (a, 6; , ( 2 -33) 

subject to 

g p {a,b;x) ~ x p . (2.34) 

Since 

d 2 d 
x" p D x (a, 6) x p = x 2 (l - x) + x (2p - (2p + a + b + l)x) — - (p + a) (p + 6) jc + p(p - 1) , 

(2.35) 

the functions g p defined by (2.33) and (2.34) may be identified as just standard hypergeo- 
metric functions, 1 

g p (a, b; x) = x p F(p + a,p + b; 2p; x) . (2.36) 

1 If g p (a;b;x) is a solution of (2.33) then so is g- p+ i(a, b; x) but the required solution is 
determined by the boundary condition (2.34) and we further assume p > 0. 



The single variable functions g p defined by (2.36) are essential for constructing general 
expressions for F\ 1 \ 2 (x, x) for any s, they play an analogous role for non compact SO(l, 2) 
to the harmonic Jacobi polynomials P^ a '^ in relation to compact 50(3). 

There are various identities for the g p functions inherited from those for hypergeomet- 
ric functions such as 

g p (a, b; x) = e ±l ^(l - x)- b g p (-a, 6; x') = e±^(l - x)- a g p (a, -6; x') 

= (l- x )—i>g p (-a,-b;x), (2 ' 3 

where x' is defined in (2.24). For p non integer the choice of factors e ±t7rp depends on 
which side of the cut with branch point at x = arising from x p the continuation from 
x E (0, 1) to x' < is defined. The last equality is a reflection of the identity 

D x (a, b) = (l- x)- a - b D x (-a, -b) (1 - x) a+b . (2.38) 

The result (2.32) is equivalent to 
G ( l\u,v) ~ c £ u^ A - e) (l-v) e F(±(A+e)+a, ±(A+£)+6; A+£;l-v) as w^O, (2.39) 
extending (2.14). 

The operator A^ e ) also satisfies identities which are of crucial assistance in constructing 
solutions of the eigenvalue problem. Thus 

A (e) fj^_\ 2£ 1 = fjCX_S* £ 1 ^ A (i_ e) + 2(1 _ ^ ^ (2 40) 



so that letting 

F^\ lXa (x, x) = F XlX2 (x, x) , (2.41) 

gives equivalently 

A(" e+1 )F AlA2 (x, x) = (Ai(Ai - 1) + (A 2 -2e + 1)(A 2 - 2)) F\ 1 x 2 (x, x) . (2.42) 

When e = 1 the conformal partial waves are then reducible to the e = case for which 
A( £ ) in (2.19) is just a sum of two independent single variable differential operators. 

Furthermore, with v as in (2.15), 

A( £ ) (a, b) = v- a - b A( £ \-a, -b) v a+b , (2.43) 

which implies 

F AlA2 (a, b- x, x) = v a+b F XlX2 (-a, -6; x, x) , (2.44) 
corresponding to combining (2.23a, b). 



3. Integral Expressions 



Results for conformal partial waves can also be obtained in terms of integral expres- 
sions for four point correlation functions. To describe these results we first define for any 

(£) 

conformal primary operator of spin £, 0)± an associated dual or shadow operator by 

where T^... fle ^ 1 ... Ue (x) is the inversion tensor for symmetric traceless tensors, formed from 
the symmetrised product of I inversion tensors I^ u (x) = — 2x^x u /x 2 . The integral 
in (3.1) is divergent unless A < ^d but can be extended to more general A by analytic 
continuation so that under conformal transformations (3.1) defines a conformal primary 
operator of scale dimension d — A. Choosing 

kA > e - (a=i)7 r(A - \d) ' (3 - 2) 

ensures that _ 

In general the shadow operator constructed in (3.1) does not belong to the set of relatively 
local operators defining a unitary conformal field theory but it plays a useful role in the 
present discussion. 

To construct integral expressions we consider the conformally covariant three point 
functions [19] 



where 



(^...^W^N^^)) = (x342) i (A3+A4) ^A, ) Ml ... M ,(^^3^ 4 ), 



-t(i) f , _ y ^ (^34 2 ) A2 

^A, Ml ... w ^ *3, - A {M1 . . . A M ^ _ ^ )2 y 2+b _ x ^X 2 - b 

T (l) f y y {X12 2 ) X2 

^A, Ml ... w ^^1^2j - A {M1 . . . A M ^ _ ((x _ X2)2 )A 2+ a 



(3.4) 



(3.5) 



for 



g = (x 4 - x)^ _ (x 3 -x) M x = (x 1 -x) fJL _ (x 2 -x)^ 

(X4 — X) 2 (Xs — X) 2 ' M (Xi — X) 2 (X2 — x) 2 
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In (3.5) Xr Ml ...I w j, ^{m •••^w} denotes symmetrisation and subtraction of traces. 
With the definition (3.1) and using integrals obtained in [11] 

(<^-A, Ml ... M » ^3(x 3 )M^)) = 2 ,i( A3+A4) ^-A ;M1 ...^(^^3^4), 

7 11 1 34 J x (3.7) 
<yi(gl)V>2(g2)Oig A , Ml ... w (a)) = |^ (xi22) i (Al +A 2 ) ^d-A^.^fa^^), 

for 

7A,a = T(A + a)r(A-a), (3.8) 

and the abbreviations 

\ 1 = ±(d-A + £), A 2 = \{d- A-£). (3.9) 
Assuming (3.5) the expression for a four point function given by 

F { 1 ] (x u x 2 , x 3 , x 4 ) = l Xl , a T\i,b -^r- d J d d x J 7 ^...^ fa X U X 2 ) ^d-A, Ml ... M , fa x 3 , x 4 ) , 

(3.10) 

is then conformally covariant so that 

,B ( ^ ■ IAl+A J M) l (Aa+A „ *»■ *»■ *)) = . (3.11) 

Since the three point functions in (3.4) have been constructed to be conformally covariant, 
so that (Mx + M 2 + M) AB (ip 1 (x 1 ) <^ 2 (x 2 ) ^ (x)) = 0, we also have 

{\{M X + M 2 ) AB (M 1 + M 2 ) BA -C A , £ ) 1 F^(x u x 2 ,x 3 ,x 4 ) = 0. (3.12) 

(^12 ) 2 ^ J 

Using the relations between (3.4) and (3.7) it is straightforward to see that the definition 
(3.10) ensures that 

F^ ) (x 1 ,x 2 ,x 3 ,x 4 ) = F^} A (x 1 ,x 2 ,x 3 ,x 4 ) . (3.13) 

The expression (3.10) can be simplified by using 

1 i X ■ X 

x {M1 ...x M x {M1 = ^— {x 2 x 2 y l cftt) , t = p^^i , ( 3 - 14 ) 

for C[ the modified Gegenbauer polynomial defined in (2.29). Hence, as a consequence of 
conformal invariance, 

-) - ^ (i?Ht?)>^< (3 - iB) 

10 



where 



1 (X*X*)l'Cf(t) 



Txh d J ((x - Xl ) 2 )^- a ((x - x 2 ) 2 ) x *+ a ((x - x 3 ) 2 Y^+ b ((£ - x 4 ) 2 )^- b 

1 ^V^V/CO (3.16) 



In (3.16) we may write 



X 2 _ X 12 ^ 2 _ X 3A , 317 , 

(x — xi) 2 (x — X2) 2 (x — xs) 2 (x — X4) 2 ' 



and 

2X ■ X 



(x - xi) 2 (x - X3) 2 (x - x 2 ) 2 (x - X3) 

%24 X X i 



2 



(3.18) 



(x — X2) 2 (x — X4) 2 (x — Xi) 2 (x — X4) 2 

As a consequence of (3.12) 

V ff \u,v)= 1 1 C A , i f i l ) (u,v) , (3.19) 

so that, from (2.9), fg> is a linear sum of the conformal partial waves G<? and Gf_ A . 
The coefficients may be determined from the short distance limits £12,2:34 — > 0. Assuming 
A < ^d, so that A2 < A2, the leading contributions may be found directly using 

(3.20) 

from (3.5). Hence 

Fjf ) (xi,x 2 ,x 3 ,x 4 ) ~ 7Ai,o7Ai,b ( a ; 12 2)A2 a . i2 ^ i _ . .a; 12 jff) (xi;x 3 ,x 4 ). (3.21) 

= 12^0 Kd-A,£ 

while 

^...w^i;^,^) (^2) A X Mi ) ...^i...^( a; 13) ^43^ ■ ■ -^34^ {x±£) M • (3.22) 

Since 

1-u ~ 2 — 2-^12^^(^13)^43^, (3.23) 

a: 12. a:! 34^ ^13 

then combining (3.21) and (3.22) in this limit 

x 12fll ...xis^Xff ^ ^ (3:13)3:43 1/1 •••a;43i/ < ~ (|(1 - v))'- (3-24) 
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Comparing with the leading behaviour of G^ in (2.14) and using (3.13) then gives 

/£>(«, V ) = ^ G%\u,v) + J- G?W . (3 . 25) 

kd—A,£ 7Ai,6 fc A,^ 7Ai,a 

Explicit expressions can in principle be obtained by expanding C/(t) as a power 
series in t and then using (3.18) to expand t n leads to a sum of elementary conformal 
integrals [3,4]. Essentially equivalently, we may use the recursion relation for Gegenbauer 
polynomials, generating all Cf(t) starting from C^t) = 1, in the form 

(t + 2e) Cf +1 (t) = 2(i + e) t Cf(t) - £ 6/_i(f) , (3.26) 

which in (3.16) leads to 

(£ + d-2)f% +1) (a,b;u,v) 

= (e+ld-l)u-^(f^(a-^b+^u,v)-vf^(a+l,b+^u,v) 
+ f«\a+lb-±-,u,v)-f%>(a-lb-±-,u,v)) 
-efV-Vfab^v). (3.27) 

For d = 2, 4 this recurrence relation was solved in [11] by using corresponding relations for 
the single variable g p functions. 

For £ = the conformal integral in (3.16) may be evaluated as a Mellin-Barnes trans- 
form [20] 

f£\u,v) = ^— I d^ t T(-t)T(-t-a-b)T(-r + a)T(-r + b) 

lx,aT\,b Jc., t _ (3-28) 

x r(A- s)T(A- s)uV, 



for A = | A, A = \(d - A) and 

1 

(2ni 

The integration contours C S; t for s,t run from —zoo to ioo such that 



dfj, a ,t = /n _„ 2 dsdt, r + t + s = 0. (3.29) 



Re s < A, A , Ret<0, -a -6, Rer<a,b. (3.30) 

If the s contour is closed to the right the poles at s = X + n and s = A + n, for n = 0, 1, 2, . . ., 
generate the conformal partial wave and its dual G^-A m accordance with (3.25). In 
the remaining t-integration it is useful to note that, for —a — s, — b — s < c < 0, —a — 6, 

— : / dt T(-t)T(-t - a - b)T(s + t + a)T(s + t + b) v l 

Z7TI J c—iao 

1s,a1s,b F(s + a, s + b; 2s; 1 - v) . 



T(2s) 
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By restricting the contours C Sjt so as to pick up only the poles at s = A + n then (3.28) 
gives for the £ = conformal partial wave a double power series 

G£W)= £ ( A ~ ^ A ~ ^ ( A + + 6 )"+" u ^(l - v) m , (3.32) 

where convergence requires for the m-sum v < 1 and for large n = O(m) 

(1 -v + u) 2 < Au. (3.33) 

Remarkably this coincides with the allowed region of u, v for x% vectors belonging to d- 
dimensional Euclidean space (letting x\ = 0, — > oo then 1 — v + u = 2x2 ■ X3/X3 and 
u = X2 2 /xs 2 so that (3.33) is equivalent to the usual Schwarz inequality). With (2.15) 
(3.33) becomes (x - x) 2 < 0. 

For general t (3.28) may be extended to 

/£>(«,„) = \ f d ^ tT (-t)T(-t-a-b)T(-r + a)T(-r + b) 

7Ai,o7ai,6 Jc 3 , t _ (3.34) 

x T(A 2 - s) T(A 2 - s) ag(a, b; r, t, s) u s v , 

so that from (3.28) «o = 1. Since the symmetry (2.13) also applies to f^\u,v) we must 
have 

cte(a, b; r, t, s) = (— l) £ ae(— a, b;t + b,r — b, s) = (— l) £ a^(a, —6; t + a, r — a, s) . (3.35) 

Applying the eigenvalue equation (3.19), using the result (2.10) for the operator V and 
suppressing the a, b arguments in ot£, gives 

t(t + a + b) (ag{r + 1, t — 1, s) — a^{r, t, s)) 

+ (r - a)(r - 6) (a £ (r - 1, t + 1, s) - a e (r, t, s)) 

- / x (3.36) 

- (s - A 2 )(s - A 2 ) (a*(r + l,t,s-l) + a e (r,t+l,s-l) -2 a e (r, t, s)) 

= (2s(\d - A 2 - A 2 ) + 2A 2 A 2 + ±C A ,e) a/(r, t, s) = £(2s + £ - 1) a*(r, t, s) . 

using (2.7) for Ca,£ and (2. 17), (3. 9) for A 2 ,A 2 . Equivalent difference equations have been 
given in [5] in a more general context. In order that the analytic structure of the conformal 
partial waves remain valid for any i we require that ai is a polynomial in r,t,s. For any 
£ = 0, 1, 2 . . . there are solutions o^(r, £, s) = Xln+m<^ w n s m where w = t — r + a + b 
which depend on the |(£+l)(£+2) coefficients c nm . With to as defined above (3.35) requires 
that these are constrained by c nm (a, b) = (— l)^~ n c nm (— a, 6) = (— l)^~ n c nm (a, — b). For 
the assumed expression for oti the recurrence relation (3.36) generates terms w n s m with 



13 



n + m < £ + 1 but the equation is an identity when n + m = £ + 1 and also n = £, m = so 
that there remain ^£(£ + 3) linearly independent equations determining c nm uniquely up to 
an overall constant factor. The existence of polynomial solutions is crucially dependent on 
the factor £(2s + £ — 1) appearing on the right hand side of (3.36). This in turn is dependent 
on the choice of A2, A2 in (3.34). As will be demonstrated below these polynomial solutions 
ensure that the required boundary conditions (2.14) are satisfied. 

More directly from (3.27) 
{£ + d — 3) ag(a, b; r, t, s) 

= {£+\d-2) ((Ai + a - l)(Ai - b - 1) (b - r) a e -i(a - \, b + |; r - |, t, s + ±) 
+ (Ai - a - l)(Ai - b - 1) t ai- t (a + ±, b + |; r + \,t - 1, s + \) 
+ (Ai - a — l)(Ai + b — 1) (a - r) ct£-i(a + |,6-|;r-|,£, s+§) 
+ (Ai + a - l)(Ai + 6 - 1) (t + a + 6) a^_i(a - |, 6 - |; r - §, t, s + |)) 

- (£ - 1) (Ai + a - l)(Ai - a - l)(Ai + 6 - l)(Ai - b - 1) (A 2 - s)(A 2 - s) 

x a^_ 2 (a,6;r, t, s) , (3.37) 

where the Ai,Ai factors are a consequence of the normalisation of the integral in (3.34). 
Starting «o = 1 this gives (d — ai iteratively, for any £ = 1, 2, . . ., as a polynomial in 
all variables. 

For £ = 1 

«i(r, t, s) = A2A2 w — ab (s — \d + 1) , (3.38) 

and for £ = 2, a = b = 0, 

7T ~TT7T~~p: « 2 (r, t, s) = (2A 2 + 1)(2A 2 + 1)(A 2 + A 2 + 2) w 2 

(A 2 + A 2 + 2A 2 A 2 ) s(s - 2A 2 - 2A 2 - 2) (3-39) 
-2A 2 A 2 (A2 + 1)(A2 + 1). 

For any £ in order to satisfy the boundary condition (2.39) it is sufficient to consider 
only the contribution of the pole at s = A2 and then require 



where 



a e (r, t, A 2 ) = (d - A - l) e c e /3 e (r, t) , (3.40) 



fair, t)=J2 (-*)»(-* " a ~ b )n(~r + a) e - n (-r + b) £ . n 

n=0 W (3.41) 

/ > . . „ / —£, —t, —t — a — b \ 
= (a-r) e (b-r) e3 F 2 ( ' ^^ l )i 

\r — a — £ + 1, r — b — £ + 1 / 
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since then, using (3.31), the t-integral gives Y! n =o (i) {~^) n v n F(Ai + a, Ai + 6; 2Ai; 1 - v), 
so that there is the necessary (1 — v) e factor required by (2.39). In writing (3.41) in terms 
of a 3F 2 -function it is useful to note the Pochhammer symbol identity 

(,)„.„ = (-!)■ (1 M» N)n . (3.42) 

Defining also 

/ s /, \ / \ \ ^ f — — t, — Ai + a + 1 a 
l,(r,t) = (b-r) t (M + a) l3 F 2 ( r : b:t+hX2 + a ,l), 

MM) = ( _ 1)Vt _ „ _ 6)t(A2 + a)< 3F 2 (-^-;t!7 + Y A ::S i) . 

then, with the aid of Sheppard identity [21] 2 , 

Pt(r,t) = *y e (r,t) = 6e(r,t) for - r -t = X 2 , (3.44) 

and 



(3.43) 



(3.45) 



7*(a, 6; r,£) = (Ai + a - 1)(6 - r) 7£_i(a - J;r- 

+ (Ai - a - l)t7*_i(a+ §, 6 + \\ r + \, t - 1) , 

Se(a,b;r,t) = (Ai + a - + a + 6) <^_i(a - \,b- \;r - \,t) 

+ (Ai - a - l)(a - r) <^_i(a+ |, 6 - §; r - |, t) , 

which ensures that (3.40) satisfies (3.37) for s = A 2 . In the above (3g satisfies both sym- 
metries in (3.35) while 7^(a, b; r, t) = (— 1)^(— a, 6; t + 6, r — 6), and similarly for 5?, but 
(-l) £ 7 £ (a, -6; t + a, r - a) = S £ (a, b; r, t). 

If Ai = 1 =F 6, or A 2 = e ± 6, then (3.37) simplifies to three term relations which have 
the solutions 

a e (r, t, s) | Xi=1 _ 6 = (-1) £ (26)^q 7 *(r, t) , a £ (r, t, s) | Xi=1+6 = (2b) e c e S e (r, t) , (3.46) 

There are analogous solutions of (3.37) for Ai = 1 ± a but, given (3.25) and (3.34), these 
are irrelevant for the conformal partial wave . The solutions for ae in (3.46) in terms 
of 3F2 functions correspond to the leading twist conformal partial waves. 



(j)e(6)e 3F 2 (-A a, /?; 7, 5; 1) = ( 7 M<5 -a) t3 F 2 ( °' * / ; l) 

V7, a — + 1 — £ / 



, <a,a + /3-7-5 + l- ^ N 
= (7-aM«-a)€3F a ( a _ 7 + 1 _^ a _ 5 + 1 _ r l y 
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In general ce£ has no very compact form but it may be expressed as a quadnomial sum 

(d - 2) e a e = V / ! (-l) p+n (2X 2 + £ - l) e - q (2X 2 +£-l) n 

mini pi ql 

m+n+p+q=£ 1 ^ 

x (Ai + a - q) q (Xi + b- q)q(Xi + a - m) m (X 1 + b- m) m (3.47) 
x(d-2 + £ + n- q) q (\d - l)t- q (\d - 1 + a + b + n) p 
x (A 2 - s) p+q (-t) n , 

where the various Pochhammer symbols may be rewritten using (3.42) and 

(x-n) n =(-l) n (l-x) n . (3.48) 

The result (3.47) is symmetric under a ■<->■ b. It can be reexpressed in a variety of similar 
forms, such as those obtained by imposing (3.35) or letting A 2 , Ai -H- A 2 ,Ai, albeit with 
no significant simplification. Such identities may be obtained from (3.47) by repeatedly 
writing some of the summations in terms of a terminating 3F 2 (1) function and using the 
Sheppard identity. 

In two dimensions there are significant simplifications using complex, or light cone, 
coordinates. If x 2 = zz, x' 2 = z'z' then {x 2 x' 2 )^C^ (x ■ x'/(x 2 x' 2 )^) = \ {(zz'Y + (zz') £ ) 
and hence 

(X 2 X 2 )^C e °(t) 

((x - x 1 ) 2 ) x ^- a {{x - x 2 ) 2 Y 2+a {{x - x 3 ) 2 )~ x *+ b ((x - x 4 ) 2 )* 2 - b (3.49) 
= \{zviz^) 1 j\ Y {z;Zi) f\ 2 (z; Zi) + \ {zi2 z^Y fx 2 (z; Zi) f\ 1 (z;z i ) , 

where ^ 

/a(2; Zi) = (z - (z - z 2 ) x + a (z - z 3 y- x + b (z - z 4 y- x ~ b ' (3-50) 

The essential integral, which is evaluated in appendix A, has the form 

- J d 2 x (z 12 z 43 Y f Xl (z; z^ f X2 (z; z\) 

= 1 ( Xl 2 \ a f X M 2 V 

" (x^ {x 3 iy-^\x 2 £) Ui3 2 ; 
x f ^ VJ ^rr ^ <*> °* ® + ^ rl^ri <*> • 

V7i-a 2 ,6 1(2A 2 J 7A 2 , a L{2-2\ 2 ) J 

(3.51) 

for 

x=m^, x = ^±. (3.52) 

Zl3 Z 24 Z 13 Z 24: 
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Since 1 — x = z\± £23/^13 ^24 it is easy to see that this is in accord with the definition 
(2.3) of x, x. Using repeatedly r(x)T(l — x) = it/ sinnx, from which follow the identities 
r(l - 2A!)/r(2A 2 ) = r(l-2A 2 )/r(2Ai) and 71— Ai,o/ 7A 2 ,a = 7i-A 2 ,a/7A 1) a, then from 
(3.16), (3.49) and (3.25) in two dimensions we get 

Ga K v ) = \ (9Xi (x) g\ 2 (x) + g Xl (x) g\ 2 (x)) . (3.53) 



4. Recurrence Relations 

In the discussion of orthogonal polynomials recurrence relations involving two or more 
terms play a significant role. Here we derive analogous results for conformal partial waves, 
extending and simplifying the results given in [12]. They play a role in combining conformal 
partial waves into superconformal blocks. 

We first consider recurrence relations for the single variable functions g p satisfying 
(2.33) and whose derivation is a model for obtaining recurrence relations for the two 
variable conformal partial waves. With the differential operator D x (a, b) defined by (2.36) 
it is straightforward to obtain 

D x (a +5,6+5) x~* = D x (a, b) - — + f x~^ , 

, (4.1) 
_ / 1 , in 1 d /id _i\ _ / , s 1 1 d 
D x {a+\,b+\)x*—=[x*—-x *)D x (a,b)-lx* — . 

Since g p is defined by being a solution of (2.33), (4.1) ensures that x~^ g p (a 7 b;x) and 
xi g p (a, b; x) can be expressed in terms of g p >(a + 5,6 + \\ x) for just p' = p ± \ in the 
form 

x~^ g p (a, b;x) = g p _i(a+ 5,6+ \\ x) - a p g p+ i(a + 5,6+ \;x) , 

id , , ( 4 - 2 ) 

x 2 -^g P (a,b;x) = pg p _i(a+ 1: b+ ^;x) + (p - l)a p g p+ 1 (a + 5 , b + 5; x) . 

In the result for x~^ g p (a,b;x) the coefficient of g p _i(a — 5,6 + \;x) is determined by 
requiring the normalisation condition (2.34) for the leading x p ~^ term. By applying (2.37) 
and writing in (4.2) o p = cr p (a, b) then (4.2) may be extended to 

x~^ g p (a,b;x) = g 1 (a ± \,b^ §; x) + cr p (±a, # p+ i (a ± ±,6=f , 
_! (4.3) 
(1 - x)g p (a,b;x) = g p _i (a - - a p (-a, -b) g p+ i (a - 5,6- . 

Assuming the normalisation condition (2.34) for ^p+i, cr p may be determined to be 

a (a b) — (p + a)(p + 6) (4 4) 

17 



There are also relations between g p for differing p but the same a, b. Although they 
follow from standard identities a derivation which may be extended later to conformal 
partial waves is obtained by first defining 



fo = l~h /i = (l-x)^-i(a + 6), (4.5) 



which satisfy the commutation relations 

[D x , f ] = -2h + 2f , [D x , /J = -2f D x -ab. (4.6) 

These relations ensure that fog p , fig p may be expanded in terms of only g p ±\, g p giving 
the four term relations 

fo9 P = 9p-i + a p9 P + P p 9p+i , (4-7a) 
fi9 P = V9 v -\ + u p 9p ~ (p ~ l)A>£p+i • (4.76) 

where the coefficient of g p -i is determined by imposing (2.34) and (4.6) determines 

ab , . 

To determine (3 P it is necessary to take account of the normalisation of g p +i. This may be 
achieved by using [/i, / ] = — fo + \ from which we may obtain 

a _ (p + a)(p + b)(p-a)(p-b) 

Pp V(2p-l)(2p+l) ' 1 } 

By iterating (4.3) /3 P = cr p (— a, 6) cr p+ i (a — |, — 6 — |). 

The single variable recurrence relations for g p can be extended to FA1A2 m a similar 
fashion. The relations satisfy the symmetry 

F^\ 2 _ eXl+e (x,x) = F^\ lX2 (x,x) . (4.10) 

This is in part a consequence of Ca,£ = CA,-£-d+2> -Da,£ = £*a -f-d+2- The symmetry 
relation (4.10) depends on the choice of normalisation in (2.30) (with the normalisation in 
(2.29) we may identify Cf(t) = Cl e _ 2s (t)). 

We first consider the corresponding operators acting on two variable conformal partial 
waves to those considered in (4.1). Defining 

7 (4.11) 



U 3 = (xx)-' (x^- -x-^ + 2e (D x (a, b) - D x (a, b)) , 
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then these satisfy the algebra 



/^ e \a+\,b+\){xx)-^ = (xx)-^^ e \a,b) + (l+e){xx)-^ - Hi, 

A (e V + §, b + \) Ux = (H! - (xx)-*) A (e) (a, b) + (± + s)Ui - 2U 2 , 

A^(a + |)H 2 = (ft 2 - - e(xx)"') A (e) (a, 6) - (± + e)ft 2 + \U Z , 

(4.12) 

and 

A^(a + l,b+l)H 3 = H 3 A^(a, 6) + (§ - s)H 3 - A 4 (e) (a, b) . (4.13) 

Here A 4 is the fourth order Casimir operator 

A 4 (e) K & )= (^Ti) 2e (^(a,6)-£> 5 (a,6)) & (D x (a, 6) - D s (o, 6)) , (4.14) 

which satisfies 

[A^(a,6),A 4 (e) (a,6)] = 0. (4.15) 
Acting on conformal partial waves 

A 4 (£) F Ai a 2 = C4 )Al A 2 F Xl x 2 , (4.16) 

where 

C4MX 2 = (Ai - A 2 )(A X - A 2 + 2e)(Ai + A 2 - l)(Ai + A 2 - 1 - 2e) . (4.17) 

The formula for C4 jAlAa may be obtained by considering the limit x — > in (4.16) when 
A 4 ( £ )(a,6) ~ D x {a,b) - x 2 -§^ + 4ex-§= - 2e(l + 2e) and using (2.32). The expression 
(4.17) is related to the quartic Casimir given in (2.6) since, with the relations (2.17), 
D A ,e = -2c 4)Ai a 2 + 4c Ai a 2 2 + d(d - 1) c Xl \ 2 . 

In general (xx)~^ F\ 1 \ 2 (a 1 b; x,x) has an expansion in terms of the linearly indepen- 
dent basis F Ai _ i +n Aa _ i +m (a + \,b -\- \;x,x) for n,m = 0,1,2,.... However consistency 
conditions arising from (4.12) and (4.13) restrict this to only four terms of the form 

(xx)-^F XlX2 (a, b) = r F Xi _ i As _ i (a + ±, b + ±) + s F Ai+ i Aa _ i (a + ±, 6 + ±) 

2 2 2 2 (4.18) 

+ tF Ai _i A2+ i(a+i,6+i)+ W F Ai+ i A2+ i(a+i,6+i). 

Using (4.12) we then get from (4.18) for % = 1, 2, 3 

^F AlA2 ( a , 6) = r, F Ai _ i A2 _ i (a + i, 6 + |) + F Al + i Aa _ i (a + ±, 6 + ±) ^ 
+ U F Xi _ i A2+ 1 (a + i, 6 + \) + Ui F Xi+ 1 A2+ 1 (a + §, b + \) , 
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where 

n = (Ai + A 2 )r, si = -(Ai-A 2 -l)s, h = (Ai - A 2 + 1 + 2e)t , 

mi = -(Ai + A 2 - 2 - 2e)u, 
^2 = (Ai + e)A 2 r, s 2 = -(Ai - 1 - e)A 2 s , t 2 = -(Xi + e)(A 2 - 1 - 2e)t , 

u 2 = (Ai - 1 -e)(A 2 - 1 -2e)u, 

r 3 = (Ai-A 2 )(A 1 -A 2 + 2e)(Ai + A 2 -l)r, 

ss = -(Ai - A 2 )(Ai + A 2 - l)(Ai + A 2 - 1 - 2e)s , 

*3 = (Ai - A 2 + 2e)(Ai + A 2 - l)(Ai + A 2 - 1 - 2e)s , 

u 3 = -(Ai - A 2 )(Ai - A 2 + 2e)(Ai + A 2 - 1 - 2e)w . 

The justification of (4.18) follows by showing that (4.13) is then satisfied for having 
the eigenvalue (4.17). 

The coefficients s,t, u in (4.18) can be determined by analysing the limit x, x — > 0, 

Ai - A 2 + 2e , . Ai - A 2 , 
r = l, s = — — ■ — o- Al (a,6), t = -T r — — <T\ a - e {a,b), 

Ai — A 2 + £ Ai — A 2 + £ ('4 911 

(Ai + A 2 -l)(Ai + A 2 -2e) 1 ' J 

(Ai + A 2 - 1 - e)(\i + \ 2 - s) 

By combining (4.18) with (2.23a, b) we may then obtain 

u-^F XlX2 (a, b) =F Xl _i A2 _i(a+|,6+i) - a Al (a, b) F Xi + 1 As _ i (a+±, 

" ^^^A 2 - £ (a,6) F Ai _i A2+ i(a+|,6+i) 
+ /a <t Ai (a, b) a A2 _ e (a, 6) F Ai+ i Aa+ i (a±±, 6^1) , 
*Hf AiA2 (a, b) =F Xi _i A2 _ i (a±§, 6=f§) + ^| ^ (±a, =f&) F Ai+ i Aa _ i (a±§, b^\) 

+ /a <r Al (±a, =f6) a A2 _ e (±a, =f&) F Ai+ i Aa+ 1 (a±±, &=f£) , 



u ^F AlA2 (a,6) = F Xl _i A2 _i(a-|,6-i) - <r Al (-a, -6) F Ai+ i Aa _ i (a-§, 6-±) 



a A2 _ £ (-a,-6) F Ai _i A2+ i(a-i,6-i) 



£ + e 

+ /a a Al (-a, -6) a A2 _ e (-a, -6) F Ai+ 1 Aj+ 1 (a-§, &-§) , (4.22) 

for 

(A-l)(A + 2-<Q 
/A -(A-i rf )(A-id + l)' (423) 
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By iterating (4.22) we may rederive the result for u 1 F XlX2 (a,b) in terms of F Xl > X2 >(a, b) 
for (Ai',A 2 / ) = (Ai±l,A 2 ±l),(Ai±l,A 2 ),(A 1 ,A 2 ±l),(A 1 ,A 2 ) given in [12]. Furthermore, 
eliminating F Xi _i Aa _i and F Xl+ 1 A2 + i from (4.22) leads to 

(£+±d - ((A! + 6 - ±)(A 2 + 6 - \ - e) (F XlX2 (a-|, - vF XlX2 (a+|, &+§)) 

+ (A! - 6 - J)(A 2 - 6 - | - e) (F AlA2 (a+|, &-§) - F XlX2 (a-i, &-§))) 

= + d - 2)^-(A 2 - 5 - e)(Ai - 6 - |)(Ai + 6 - J) F Ai+ 1 , 2 _ i (a, 6) 

+ ^y^— (Ai - |)(A 2 - 6 - \ - e)(A 2 + 6 - \ - e) F Xl _i Aa+ i (a, 6) , (4.24) 

which is equivalent to (3.27). 

Using (4.18) and (4.19) with (4.20) and (4.21) gives 

(n 2 - X 2 n 1 + A 2 (A 2 -e) (xx)-^)F XlX2 (a, b) = u x ^V. 2 u-^F XlX2 {a,b) 
= a A2 _ e (a, 6)(2A 2 - 1 - 2e) (tF Xl _i Aa+ 1 (a + §, 6 + §) 

+ (A "^ A £ " 2£) ^ & ^ a 2 + i (a + h b + I)) 

= for A 2 = e - b or A 2 = e - a . (4.25) 

There are further multi-term recurrence relations for conformal partial waves, for fixed 
e and a, 6, which extend the single variable results (4.7a, b). To obtain these we define 

1 1 c) c) 

^o = - + --l, 7i = (l-x)— + (l-x)— -a-b, 

XX ox ox 



Ti = — — (D x - Ds) , (4.26) 

which satisfy the commutation relations with A^- e \ generalising (4.6), 

[A^,T ] = -2^ + 2(1+5)^0, [A^,J-i] = J- 2 - J- A (£) -2a6, 

[A&,F 2 ] =2J- 3 + 2(l + e)J- 2 , (4.27) 

[A (£) ,J- 3 ] = -J-oA 4 (e) -4£j- 3 + J- 2 (A^-2£(l + 2£)). 

As a consequence of (4.27) it is sufficient to assume 

FiF Xl \ 2 = n F Xl Aa _i + Si F Al _i Aa + U F Xl+l Aa + m F Xl Aa+ i + Wi F XlX2 , (4.28) 
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Imposing (4.27) then leads to 



ri = A 2 r , si = (X 1 + e)s , t\ = -(Ai - 1 - e)t , u x = -(A 2 - 1 - 2s)u Q , 

T2 = (Ai - A 2 )(Ai + A 2 - l)r , s 2 = -(X 1 - A 2 + e)(Ai + A 2 - l)s , 

* 2 = - (Ai - A 2 )(Ai + A 2 - 1 - 2e)t , u 2 = (Xi - A 2 + 2e)(Ai + A 2 - 1 - 2e)u , 

r-3 = -A 2 (Ai - A 2 )(Ai + A 2 - l)r , 

s 3 = (Ai + e)(Ai - A 2 + e)(Ai + A 2 - l)s , 

ts = -(Ai - 1 - e)(Ai - A 2 )(Ai + A 2 - 1 - 2e)t , 

u 3 = (A 2 - 1 - 2e) (Ai - A 2 + 2e) ( Ai + A 2 - 1 - 2e)u , (4.29) 
and also Wi is determined giving 

wi = (1 + s)w , w 3 = -(l + e)w 2 , 

n . ab ab (4-30) 

W = - (c AlAa + 2e) — , W 2 = -C 4 , Al A 2 ^ , 

2aAiA 2 ^dAiAa 

where 

d \iM =-i( c 4,AiA 2 -caxA 2 2 -2ec Xl \ 2 ) = Ai(Ai - 1)(A 2 -e)(A 2 - 1 - e) ■ (4.31) 

The coefficients are the determined by taking in (4.29) 

Ai — A 2 + 2e Ai — A 2 

r o = ~, ; — ; — , s 



Ai - A 2 + e " Ai - A 2 + e 

(A 1 + A 2 -l)(A 1 +A 2 -2e) Ax - A 2 + 2e 
°" (A 1 + A 2 -l-e)(A 1 + A 2 - £ ) A 1 -A 2 + e / ' Al ' (4 ' 32) 



(Ai + A 2 -l)(Ai+A 2 -2e) Ai - A 



W ° = (Ai + A 2 -l-e)(Ai + A 2 -e) M - A 2 + e Px2 ~ £ 



Explicitly the result for J r oF\ 1 \ 2 becomes 

Fo F Xl x 2 = -J—— F\ 1 \ 2 -i + —— F Xl -i\ 2 - (c Ai a 2 + 2e) — F Xl \ 2 

f£ + 2e t \ 

+ /a( £ /3 Xl F Xl +i\ 2 {x,x) + j— (3 X2 - s F XlX2+1 j , 

with /a given by (4.23). The result for T 2 F XlXz vanishes for £ = so that 



(4.33) 



(D x -D s )F X x(x,x) = 0. 
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(4.34) 



There are also second order differential operators relating conformal partial waves for 
dimensions differing by 2. Defining, in terms of T<i in (4.26), 



£+ = ) -F 2 = — {D x - Dx) , (4.35) 

then we may verify that 

£+ = (A( £+1 ) + 2 + 2s) £+ . (4.36) 

For x —7- followed by x — > 0, £ + ~ x[x 2 -^- — x 2 -^-) so that, assuming this limit, 
£ + x Xl x Xz ~ (Ai - A 2 )(Ai + A 2 - 1) x Xl x X2+1 . Hence, with the normalisation of F( e) AlA2 , 
determined by (2.30), 

£ + F^\ lX2 (x,x) = hL+hzl( Xl - A 2 )(Ai - X 2 + 2e)F^ +1 \ lX2+l (x,x). (4.37) 
2(2e + 1) 

As a special case 3 £ + F^ e \\ = which is equivalent to (4.34). 

By combining (4.36) with (2.40) we may obtain a related operator which has the 
reverse effect 

, _ x2e-2 , _ x-2e+l 

£ {e J= — (D x — Dx) ( j , (4.38) 
\x — X J \x — X J 

such that 

^(£) A (e) = ( A (e-i) _ 2s) S {e J . (4.39) 
Similarly to (4.37) we then have 

£ ( I } F^ AlA2 (x, x) = 2(2e - 1) (Ai + A 2 - 2e) F^ e_1 \ 1 ^(x, x) . (4.40) 

It is crucial that both £ + and £ _ , defined in (4.35) and (4.38), are symmetric under 
x •<->■ x. It is easy to see from (4.14) 

3 To solve this equation it is more convenient to revert to the u, v variables when 

£+ = U { V{1 ~ v) h~ 2uv ^ - u2 h + {a+b+l) { {l - v) i,- u ^)- ab ) ■ 

Then £+G(u, v) = has solutions, analytic for 1 — v « 0, u x F(\ + a, A + b; 2A; 1 — v ) for any A. 
This is in accord with the conformal partial wave when £ = given by (3.32). 
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Prom the result from J~2F\ 1 \ 2 , 
x - x\ 2 £ + 1 +e „( £+1) , 



xx J 2(2e + l) 
= F i - e \ 1 \ 2 - 2 (x, x) - F( £ \ 1 - 1X2 -i(x,x) 

-(X 1 + X 2 -2-2e)(e + l+ e) ab F^^x, x) 

^«AiA 2 -l 

(Ai + A 2 - 1 - 2e)(Ai + A 2 - 2 - 2s) , (e) _ (e) , 

(A 1 +A 2 -l-e)(A 1 + A 2 -2-e) x 1+ ix 2 -i{x,x) p M -i-et Xl xA^x)). 

(4.42) 

An equivalent result was obtained in [12], which, along with (4.33), was derived using 
manipulations based on a series expansion in terms of Jack polynomials. 4 

Further recurrence relations for conformal partial waves can be derived by using the 
second order operator 

= (xx)- 1 * U 2 = (x - xf , (4.43) 

(x — x) e oxox 

with "H 2 given in (4.11), or equivalently 

4Vie) = W'^~V§~r fOT *=i^ + ^r=i(x-x). (4.44) 

It is then clear that V^F = is just the spherically symmetric, or 5- wave, projection of 
the wave equation in 2(e + 1) dimensions, although here we require only solutions even in 
r. From its definition (4.43) is invariant under reflection £>( £ ) also 

satisfies, analogous to (2.40), 

v{£) i = 7 Wr p( " e+1) • ( 4 - 45 ) 

(x-x) 26 ' 1 (x-x) 26 - 1 

The wave equation is invariant under conformal transformations which preserve the 
spherical symmetry. In this case for 

, ax + f3 _, ax + (5 

x' = — , x' = _ , a8 - h = 1 , (4.46) 

7X + o *yx + o 



so that ^ e 5/(2, R), then 



X>(e) y = ft2+ e p( e ) Q - e ? ^ ^ 



4 The analogous formula in the compact case was given in [17] and is rederived in appendix B. 
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where 

A = ( 7 a; + 5) ( 7 aj + 5) = ? ^ — . (4.48) 

With it,u defined in (2.15), we may obtain 

A (£) (a, 6+1) U - b+1+£ V^ u b ~ £ = U - b+1+£ V^u b - £ A^ (a, b) , (4.49) 
Hence we may obtain 

u u b - £ F Xl x 2 (a, b- x, x) = (X 1 + b)(X 2 + b- e) u b - £ F Xl x 2 (a, b+l,x,x). (4.50) 

Conversely using (2.44) 

uv P (£) u- b - £ v a+b F Xl A2 (a, 6; x, x) = (Ai - b) (A 2 - b - e) U - b - £ v a+b F Xl x 2 (a,b - l;x,x) . 

(4.51) 

Of course there are similar results for a -H- b. Consistency (4.50) and (4.51) requires the 
fourth order eigenvalue equation, 

u 2+e v (e) vV (e) u -e ^ q. ^ ^ = ^ p^ ^ q. ^ ^ (4 53) 

for dx ± x 2 as in (4.31). 

The right hand side of (4.50) vanishes when A 2 = e — b. Using V^u N+1 V^ N = 
u N V^ N+1 u and applying (4.50) repeatedly this may be extended to 

V^ N ((xx^-^F^x, (x, x)) | X2=e _ b+1 _ N = 0, N = 1, 2 ... . (4.53) 

This result leads to additional constraints on conformal partial waves for particular values 
of the twist A — I. For N = 1 (4.53) coincides with the vanishing condition in (4.25). 

Corresponding to (4.50) and (4.51) there are analogous single variable relations 

x^- x b g p (a, b; x) = (p + b) x b g p (a, b+l;x), 
dx (4.54) 
x{l - x) — x~ b (l - x) a+b g p (a, b; x) = (p - b) x~ b (l - x) a+b g p {a, b-l;x). 



5. Even Dimensional Results 

For even d the solutions are all expressible in terms of the symmetric, antisymmetric 
combinations of g p ,g q , as defined in (2.36), for suitable p, q, 



T pq (x,x) = g p (x)g q (x) ± g p (x) g q (x) ~ (xx) q x p q , for p-q = l,2,... 1 (5.1) 
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Assuming g p (x) transforms in the conjugate fashion to g p (x) in (2.37) then from (5.1) 

F pqi^i^) ( 1)^ F pq(x , I ) 

= {-l) p - q v- a F ± pq {x',x') 



b^-b ' 



which is sufficient to verify (2.23a, b) in each case. The identity (4.10) follows in each case 
from F% q = ±F ± qp . 

For d = 2, or e = 0, A^ ) becomes a sum of single variable operators so that it is trivial 
to separate variables and the conformal partial waves are just, since from (2.30) c/°) = \ 
for i ^ 0, 

2F^ \ lX2 {x,x) = F + XlX2 (x,x), (5.3) 
agreeing of course with (3.53). 
For e = 1 

(Ax - A 2 + 1) F(\ Aa x) = F~ Xl Aa _! (x, x) . (5.4) 

With the operator £ + defined by (4.35), and using the eigenvalue equation (2.33), it is 
very easy to verify that (5.4) and (5.3) are in accord with (4.37) raising e by one. 

To obtain results for e = 2 using (4.37) directly, which becomes 

£+F^\ lX2 (x, x) = \{M + A 2 - 1) (Ai - A 2 )(Ax - A 2 + 2) F^ Xl Xa+1 (x, x) , (5.5) 

it is necessary to calculate the action of £ +: as given by (4.35), on F^ 2 ^ AlA2 . Using (2.33) 
again we get 

(Ai-A 2 + 1) S+F^\ lX2 (x,x) 

= - (t^) { 2 (^ - + v - ~ a ~ b ) ^ A2 - l( "' " } ( 5 - 6 ) 

+ (Ai - A 2 + l)(Ax + A 2 - 2) (- - -) F+ Xl A2 _i(x, x)\ . 
As a consequence of (4.7a, b) we have 

( ~ J F pqi^Xj x) — F p— 1 q {x , x) F pij— l) -|- {ot p Clq) F p q (x, X) 

V X X ' 

+ (3 P F~ p+ i q (x, x) - P q F~ pq+ i(x,x) , (5.7a) 

/ 5 9 \ _ 

= pF~ p - lq (x, x) + qF~ pq -i(x, x) + (a p + a q ) F~ pq (x, x) 

- (p-l)PpT~p+i q (x,x) - (q - l)P q F~ pq+1 (x,x) , (5.76) 
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for a p , (3 P is given by (4.8). 

Using (5.7a, b) in (5.6) then gives from (5.5) 
i(A! - A 2 + 3)(Ai - A 2 + 2)(Ai - A 2 + 1) F^\ lX2 (x, x) 



. 3 

XX 



x — X 



(Ai - A 2 + 1) T AlA2 _ 3 (x,x) 

- (Ai - A 2 + 3) J r " Al _i A2 _ 2 (a;,x) 
Ai + A 2 -4 / (5.8) 
~~ A 1 + A 2 - 2 V ~ Al+1 A2 " 2 ^' ^ 

- (Ai - A 2 + 3)/3a 2 -2 ^" _ Ai x 2 -i(x, xfj 

- (Ax + A 2 - 4)(Ai - A 2 + l)(Ai - A 2 + 3) T~ Xl A2 _ 2 (x, x) 1 , 

^«A!A 2 J 

with d AlA2 = Ai(Ai — 1)(A 2 — 2)(A 2 — 3). The right hand side of (5.8) vanishes when 
Ai — A 2 = —1, —2, —3. That the expression for F^ 2 \ 1 \ 2 (x, x) given by (5.8) is finite when 
x = x is verified in appendix C. 

For particular twist the solutions simplify as expected from (4.53). For the case when 
N = 1 we require solutions of 

V {e) F(x, x) = , (5.9) 

for F(x, x) symmetric in x, x. The general solutions of (5.9) involve an unconstrained 
single variable function /. For even s the solutions, which may be found using (4.45), are 
quite simple. In the first three cases 



/(x) + /(x), 6 = 0, 

x—x ' 
/(x)-/(x)-±(x-x)(/'(x)+/'(x)) 



F(x,x) = < x-x ' fc-- 1 -^ (5.10) 



(x—x) 3 



, e = 2. 



It is easy to verify that F{x,x) is regular as x — > x so long as / is a smoothly differentiate 
function, so that from (5.10) 

F(x,x) = 2/(x),/'(x), -^f"'(x) for e = 0,1,2. (5.11) 

It is straightforward to verify how the solutions obtained above for e = 0, 1, 2 connect 
with the special cases given by (5.10). For e = we have from (5.3) 

F(°) Al A2 (x, x) | X2= _ b = (xx) " 6 (/(x) + /(*)) , /(x) = x V (x) , (5.12) 

and for e = 1 from (5.4) 

(Ai - A 2 + l)F« AlA2 (x,x)| A2=1 _ 6 = (/(*) - /(x)) , f{x) = x b g Xl (x) . (5.13) 
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For e = 2 we require 



±(Ax - A 2 + 3)(Ai - A 2 + 2)(Ai - A 2 + 1) F^\ lX2 ( Xl x)| Aa=2 _ & 

( rf )2-b (5.14) 
' ff(x)-m- \{x- x) + /'(*)))■ 



(x — a;) 3 • 

From (5.8), using the expansion of F(a — 6 — 1, —1; —26 — 2; x), this requires 

_ i x f( x ) = (A x - 1 + 6) x 6+1 a Al (x) , (5.15) 

and 



aT 6 " 1 !/'(*) = - (Ai + 1 + 6) ^(x) + i(Ax - 1 + 6) ( - 1 + A ^+_ 2 ^ gXi 



(x) 



-(At -1 + 6) \! b % A 1+ i(^). (5.16) 
(5.15) is satisfied by taking 

/(x) = -2x 6+1 <7 Al (a,6-l;x). (5.17) 

This also satisfies (5.16), as may be verified by using (5.15) to eliminate /'(x) and then 
using (4.7a) for g\ 1 (x)/x and also 

- g P (a, b-l;x) = g p -!(a, 6; x) + a p (a, 6) g p (a, 6; x) + $ p (a, 6) g p+ i(a, 6; x) , (5.18) 
where 

~ / .N fl(p+&- 1) 

ttp(a ' 6)= - 2p(p-l) ' 

R (a K\ — (P + a)(P + b)(p-a)(p + b-l) {5A9) 
P ^ b) ~ 4p2(2p+l)(2p-l) 

(5.18) may be derived from (4.3) so that d p (a,6) = — a p (a, 6— 1) +cr p _i(— a — |,6— -|), 
/3 p (a,6) = -a p (a,b- l)a p+ i(-a- \,b- \). 



6. Results for One and Three Dimensions 

For odd d no such explicit formulae as for even d described above are known. When 
d = 1 or £ = - 1, corresponding to conformal quantum mechanics, conformal partial 
waves are rather trivial. The conformal group SO(l,2) acting on four points leaves just 
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one invariant instead of the two given by u,v. The necessary constraint is obtained by 
imposing x = x. In this case from (2.19) 

A(-*\a,b)F(t) = ±D t (2a,2b)F(t) + 0((x -x) 2 ) , t = \{x + x) , (6.1) 

and 

A ( -i } (a,6)(x-x) 2 = 2(2- (a + 2)(6 + 2)t) (x - x) 2 . (6.2) 

Hence (2.22) may be restricted to x = x for e = —\ and the conformal partial waves are 
given in (2.16) for this case with I = by 

F(-^\x(x, x) = g 2 \(2a, 2b; x) = x A F(A + 2a, A + 26; 2A; x) . (6.3) 

The requirement that t = Ai — A2 = follows since for the conformal group 50(1, 2) the 
representations are determined just by the scale dimension A. 

For d = 3 or e = \ solutions of (5.9) of a similar form to (5.10) are not possible, 
reflecting the difference between the properties of the wave equation in even and odd 
dimensions. 5 However when d = 3 solutions of the wave equation can be found in terms of 
the Bateman transform [22], which is related to twistor transforms. Hence we may obtain 
a solution of V^F = in terms of the equivalent integral expressions 

F(x, x) = - fds f(X) .,' / ^ f(X) , (6.4) 

n Jo 2nl J\z\=l z 

for 

X = cos 2 s x + sin 2 s x = t + r \{z + z~ x ) . (6-5) 

Clearly from (6.4) 

F(x,x) = f(x). (6.6) 
To verify (6.4) provides a solution of (4.53), with N = 0, it is sufficient to use 

^fM-iU^™)- ' (6 - 7) 

where ~ denotes equality up to terms which vanish under integration in (6.4). For this to 
be valid f(X) should have no branch point at X = 0. Subject to this condition we suppose 
that (6.4) is in fact a general solution but this depends on global issues not considered here. 

5 For d = 2, 4 the solutions of the spherically symmetric wave equation are f(t + r) + g(t — r), 
^(f(t + r) + g(t — r)) where the dependence on t ± r reflects Huygens principle. The solutions in 
(5.10) are obtained by requiring them to be even in r, so that g = ±f. Huygens principle does 
not hold in odd dimensions. 
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The integral representation (6.4) satisfies various identities. As a consequence of (4.47) 
for the transformation (4.46), assuming (6.6) and F(x, x) given by (6.4), we must have 

To verify this we may note that, with x',x' given by (4.46) and O by (4.48), 

& X + 2 / / , • 2 / -/ 1 1 ds> (a (\\ 

— — F = cos s x + sin s x , — r = — r -— , (6.9) 

for 

2 , k cos 2 s ds' 1 1 fa — ^x'\ 2 



costs' = »- , — = =- , fc = !— - . (6.10) 

/ccos 2 s + sin s ds k cos 2 s + k' 1 sin s \a - ^ x' J 

A corollary of (6.8) for the transformation rr,a; — >■ l/x,l/x gives 

I^ds/W^il^I/^). (6.11) 
Also a special case ensures that, assuming (6.4), 

For functions f(X) expressible as a Laurent series then F(x, x) given by (6.4) is a 
corresponding sum of Legendre polynomials using 

- / X n ds = u? n P n (a), (6.13) 
71 Jo 

where a is defined in (2.26) so that (6.5) becomes X = (xx)^ (a + y/a 2 — 1 cos 2s). The 
relation (6.11) is automatic if we identify 

P n ( ( 7) = P_ n _ 1 ( C 7). (6.14) 

To construct conformal partial waves we use, for X defined by (6.5), 

A^\a,b)f(X) 

= D x (a + b-±,l)f{X) 

+ i ( s in2s(-^- (2-x-x) f'(X) + (x - x)(Xf'(X) + (a + b- §)/(*)))) 
-(a-\){b-\){x + x)f{X), (6.15) 
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and hence 

A<*>(a, &)((«/*)«/(*)) 

~ (u/Xy(D x (q + a + b - \, 1 - + q(q - 2) /(X) (6.16) 

-{q + a-\){q + b-\)(x + x)f{X)). 

Writing then 

F^\ lX2 (x,x) = ^-£ds^y 2 f(X) for A 2 = i-6, (6.17) 

the eigenvalue equation (2.22) becomes in this case using (6.16) 

D x (a, b + \)f{X) = Ai(Ai - 1) f(X) . (6.18) 
This is exactly of the form in (2.33) so that (6.18) may be solved by taking 

f(X)=g Xl (a,b+±;X), (6.19) 
with g Xl given explicitly by (2.36). With this result we then have 

1 Pit , > 1 h 



F^\ lX2 (a,b;x,x) | Aa= i_ 6 = ^ J ds (^) ' 9\M,b+\;X) 

= u^~ b - [ dsX € F(Ai + a,£ + l;2Ai;X). 
* Jo 



(6.20) 



Since F(Ai + a, £ + 1; 2X 1 ; X) = (1 - X)- £ - 1 F(X 1 - a, £ + 1; 2X 1 ; X/(X - 1)) then (6.12) 
shows that (6.20) satisfies (2.23a). Using the integral 

c n = - f cos 2n sds = ^, (6.21) 
n J n\ 

and the power series expansion of the hypergeometric function in (6.20) when X — > x cos 2 s 
gives directly 

F^\ lX2 {x, x) \ X2= i_ b ~ Q Q (xx) A2 x'F(Ai + a, £ + |; 2A i; x) , (6.22) 

in accord with the limiting form (2.32) for the choice of q given by (6.21), which is identical 
to (2.30) for e = \. 

In an attempt to understand the form of expressions for more general solutions we 
consider using (4.51) 



b +h- a - b+1 V^u b -h a+b F^\ lX2 {a,b) =-2b(X 1 -b)F^\ lXa (a,b-l) for A 2 = ±-&, 

(6.23) 
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starting from (6.17). To apply this it is sufficient to note that 
u 1 - p v 1 - q V^(u p v q F(X)) 

qu((l-X)—-p-q-£) -pv ( X Qx+P + <l+k) -pqjF(X) 

~-(q (x(l-X)^-X + p+$)-(p + q)v(x^+p+^-(p + q)qu^F(X), 

(6.24) 

using (6.7) and 



d (\ 



= i (1 + u - V ) F (X) + — ( i sin2, (x - x)F(X)) . 
Applying (6.23) to (6.17) then gives 

2b(X 1 - b) F<*> AlAa (a, b - l)\ X2=h _ b = I £ds f(X) , 



(6.25) 



(6.26) 



for 



RX) = ((a + b) (X{1 - X) A _ (b + i ) X - b) 

-(a-b)v (x^-b)-(a 2 -b 2 )u)f(X). 



(6.27) 



d 

- -b) - (a" -b")x 

With f(X) given by (6.19) and using (4.54) we may then obtain directly from (6.27) 

f(X) =(a + b) (Ai - a) g Xl (a-l,b+±;X) 

- (a - 6) (Ai + a)v g Xl (a + 1,6 + §; X) (6.28) 
+ (a 2 - 6 2 ) (1 + u - u) g Xl (a,b+±;X). 

For a = ±6 this simplifies to just one term. More generally by repeated application of X>_ 
we may express F^\ lX2 (b,b — n) solely in terms of g Xl (b — n, b + \\X) but this is just 
equivalent to (6.20) for a = b — n. 



7. Discussion 

Explicit expressions for conformal partial waves have proved quite useful in recent 
years in attempts to revive the bootstrap approach to conformal field theories. It is clear 
that identifying the sum over conformal blocks in the s and t channels of particular four 
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point functions can lead to non trivial constraints [8], which may be of phenomenological 
interest. On a theoretical level it would be very nice to apply such ideas in three dimensions, 
where there is a plethora of conformal field theories. This paper was begun in an attempt 
to find an tractable expression for three dimensional conformal waves which could be used 
for similar bootstrap calculations. 

In four dimensions there is a very close connection between the solutions of super- 
conformal Ward identities and the explicit expressions for conformal partial waves [23] 
which may be expected to generalise to other dimensions [24] . In particular the conformal 
partial waves for leading twist have a special form and are related to the contributions of 
semi-short operators in the operator product expansion. In this paper we have shown how 
leading twist conformal partial waves are simplified by being directly related to solutions 
of V^F = which is just a restriction of massless wave equation. The operator T>^> 
also appeared in the discussion in [24]. This observation demonstrates that the form for 
conformal partial waves must be very different in even and odd dimensions. Although we 
have found and expression for leading twist in three dimensions there is no straightforward 
extension to the arbitrary twist. In even dimensions it is clear, at least in retrospect, that 
the construction is very simple starting in two dimensions where there is, using x, x, sepa- 
ration of variables and then using the dimension raising operator S + . Although the various 
recurrence relations obtained in section 3 relate different conformal partial waves they do 
not allow expressions for the general case to be obtained from leading twist. A natural 
guess is to suppose that the three dimensional conformal partial waves can be given by a 
similar integral expression as in the leading twist case but involving products of functions 
g p ,g q , with different arguments, but a precise form has eluded us so far. 
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Appendix A. Two dimensional conformal integrals 



Although the Symanzik formula [20] provides a general form for a certain class of 
conformal integrals in general dimensions in two dimensions using complex variables there 
are further extensions. We consider here integrals of the form 

I n = l -J<?xfn{z)Uz), fn(z) = fl^^,f n (z) = flj^~, (A.l) 

where 

Er=i^ = Er=i^ = 2, h -hi el.. (A.2) 

The first condition is necessary for I n to transform covariantly under conformal transfor- 
mations, z (az + b)/(cz + d), z — > (az + b)/(cz + d), and the second for I n to be single 
valued. The integral in (A.l) reduces to the form discussed by Symanzik when hi = hi. 
Convergence of the integral requires hi + hi<2 for all i although I n may be extended by 
analytic continuation. 

When n = 2 

h = K 12 (-l) h *-~ h * Tvd\x 1 - x 2 ) , (A.3) 



for 



_ r(i - hi) r(i - h 2 ) _ r(i - h 1 ) r(i - h 2 ) 
12 rChi)r(h 2 ) r(/n)r(/i 2 ) ' 1 ' ] 



with equality of the two forms following from (A.2) noting that T(h)T(l — h) = ir/ simrh. 

Here we show how evaluation of I n for n > 2 can be reduced to solving differential 
equations. To this end we note that 



so that I n satisfies the second order equation 

There is of course a corresponding equation for Zi — >■ Zi, hi — )■ hi. 

For n = 3 the form of I n for non coincident Xi is dictated just by conformal invariance 

= -fv 123 ^12 ^23 ^31 ^12 ^23 ^31 , ( A -'J 
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where the overall constant can be obtained by extending the result for hi = hi 



r(i-/i 1 )r(i-fr 2 )r(i-/i 3 ) r(i - /n)r(i - h 2 )r(i - h 3 ) 
123 r(fii)r(fi 2 )r(fi 3 ) r(/ il )r(/ i2 )r(/ i3 ) ' { } 

It is easy to verify that (A. 8) satisfies (A. 6) subject to (A. 2), which is also necessary to 
ensure the required symmetries under permutations of {zi} or {zi}. 

For n = 4 conformal invariance shows that the result must have the form 

T -v h 3 +h 4 — 1 „ /li+/l 4 — 1 /i 2 — 1 ^ — /14 ~ ^3+^4 — 1- ^1+^4 — 1- h 2 — 1^ -/»4 ^ / A n"\ 

-'4 = ^12 ^23 ^31 ^24 ^12 ^23 ^31 ^24 (A.9J 

for X(x, a;) an undetermined functions of the invariants x, x defined here by (3.52). However 
imposing (A. 6) leads to the differential equation 

/ d 2 d \ 

lx(l-x)-^ + (h 3 + h 4 + (h 2 -h 4 -2)x)— + h 4 (h 2 -l)\l(x,x) = 0, (A.10) 

which has a simple hypergeometric form. The relevant solutions of (A. 10) and its conjugate 
can be expressed as 

T(x, x) = K 4 F(l — /i 2 , h 4 ; h 3 + h 4 ; x) F{1 — h 2 , h 4 ; h 3 + h 4 ; x) 

+ K 4 (_i)hi+h4-hi-h4 x h 1 +h 2 -i F ^ 1 _ h ^ hi . hi + h2 . x j (A.ll) 

x x^+^Fil - h 3 , hvM + h^x). 

Although solving the differential equation allows a more general form than (A.ll) the 
result given is required by the symmetry relations 



x , x 



X(x, x) = (1 - - x)-^ l(x', x') \ hi ^- hi „ h2 , x' = — ,x> - — , 

l(x, x) = (1 - x) h >-\l - x)^X(x', x') \ Mi - h ^- h4 , (A.12) 

and 

X(x, x) = (-1)^ 1(1 - x, 1 - x) \ hi „ h3rhi „- h3 • (A.13) 

All other symmetry relations can be obtained by combining (A.12) and (A.13). The 
relations in (A.12) follow easily from standard hypergeometric identities which give 
F(a, 6; c; x) = (1 — x)~ b F(c — a, 6; c; x') = (1 — x)~ a F(a, c — b;c; x') if both K 4 , K 4 are 
invariant under 1 <H> 2 and also 3 <H- 4. To satisfy (A.13) we need to use the further 
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hypergeometric identities 

F(l — h 2 ,h 4 ; hi + h 4 ; 1 — x) 

= r(h 1 +h 4 )T(h 1 + h 2 -l) 

r(i - /i 3 )r(/n) 



F(l - h 2 , h 4 \ h 3 + h 4 ;x) 



r(i - h 2 )v{h 4 ) 

(1 _ x )^+^3-i F (i _ huh3] h2 + h 3 ;l-x) 

_ r(h 2 + h 3 nh 1 + h 2 -i) hh . h+h . T) 

+ r( " 2 rn 3) ?^r 1} ^ +h ^m -h 3 , hl ;h 1 + h 2 ;x). 
r(i - fti)r(ft 3 ) 

With the aid of (A. 14) and the associated conjugates we may determine 

_ r(i-/H)r(i-/i 2 )r(/n + fr 2 -i) 
r(^)r(^)r(2-^-^ 2 ) ' 

^ _ r(i-h 3 )r(i-h 4 )r(h3 + ft4-i) 1 ' } 

4 r(/i 3 ) r(/i 4 ) r(2 - h 3 - h 4 ) 

As for Kyi,K\ 23 these are symmetric under hi ftj. The overall scale is fixed since 
we require ^4^4=^4=0 = -^123, K 4 \ h4= j l4=0 = 0. To verify that (A. 13) is satisfied it is 
necessary to repeatedly use T(h)T(l — h) = tt/ simrh and identities such as 
sin7r/ii sin7r/i 3 

smn(h 3 + h 4 ) sin7r(/ii + h 4 ) (A 16) 

|( ^ h3+h4 -- h3 -h 4 _sin7r/i 2 smnh 4 _ ^-h^ 

sin7r(/i 3 + h 4 ) sm7r(h 2 + h 3 ) 

which depend on (A. 2). 

An alternative more direct evaluation may be obtained by introducing the conformal 
covariant differential operator 

n=U 



which satisfies 



<yy(h,ti) 1 _ 1 /. 

U »,z' ( w _ z )h+h> ( W - Z ) h {W - Z>) h ' ' K ' 



Using this operator we may write 
1 1 



(z - z x ) h ^(z - z 2 ) h * (z - z^h^z - z 2 )^ 

= r)(hi,h 2 )r)Chi,h2) 1 (A. 19) 

21,22 21 ' 22 (z - Zl ) h *+ h * (Z - Z!)**+*» 

+ K 4 {-l) h *~~ h2 z 12 1 -^- h *z 12 1 - h i- h2 Pg-J 3 ' 1 - hl) Pg^ 2 ' 1 "' il) 7t5 2 (x - xi) , 
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with K 4 as in (A. 15). The coefficient is dictated by the requirement that using (A. 19) in 
the integral expression for I 3 gives the result (A. 7). 

Using (A. 19) in I4 gives 

h = K 4 (-l) h2 -~ h * z 12 1 - hl - h2 z 12 1 -~ hl -~ h2 

+ K A (-l) h3 -~ hs z^-^-^z^-^-^ 

^(hxM) h 3 -l rpfhxM) h 4 -i h 4 -i 

x LJ z 1 ,z 2 z 13 ^14 U z ± ,z 2 z 13 Zl4 , 



where agreement with (A. 9) and (A. 11) follows from 

Vf x )^ z x t~ X z x t~ X = z 13 - h 'z 24 h3 - 1 z 2 3 hl+h4 - 1 F(l - h 3 , ^; /*i + h 2 ; x) , 
Vi 1 - z h 2 ^ 1 - h ^z 13 - h ^z 1 ^ = z 13 h2 - 1 z 2 ^z 23 h ^- 1 F(l - h 2 , h A ; h 3 + h 4 ; x) , 

together with their conjugates. 

The verification of (A. 21) follows from the integral representations 

P(^)^4-1^3-1 



21 ,22 

-/<:) 

da 



T(h 1 + h 2 ) f\ a~ h4 (l-a) 



r(l - h 3 ) r(l - h 4 ) Jo (az 32 + (1 - a)z 42 ) h i (az 31 + (1 - a)z A1 ) h ^ 
-hi„ h 3 -i„ fci+/»4-i r(/j,i + h 2 ) 

~ Zl3 Z24 . Z23 ra-^ra-^rwrw 



X 2tu 



— / ds r(-s) r(h! + s) r(i - /i 3 + s) r(i - ^ - /* 4 - a) ( £1™ ) . 

J-ioo \Z\ 3 Z 24 ) 



(A.20) 



(A.21) 



(A.22) 



Appendix B. Compact case 

In this appendix we demonstrate how the recurrence relations for conformal partial 
waves are closely related to those for symmetric two variable Jacobi polynomials associated 
with the root system BC 2 described in [16] which contains related results. 

For the elementary single variable polynomials we first consider the differential oper- 
ator 

D x = x{l-x)^ + (l + p-(2 + 7 )x) A , (B.l) 
and then Jacobi polynomials of degree n may be defined by the eigenvalue equation 

-D x P<?>»(y) = n(n + 7 + 1) P^\y) , y = 2x - 1 , (B.2) 
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where we require 



7 = a + (3 . 



(B.3) 



It is convenient here to adopt a non standard normalisation for Jacobi polynomials 
Rn''^\y) such that Rn' (l) = 1. Recursion relations may be obtained by following the 
same procedure as in section 3. Defining fo = x — |, fi = x(l—x)-^ then the commutators 

[Ac, fo] = 2/i - (2 + 7 )/o + ~ a) , [Ac, A] = -2/oA. + l~h , (B.4) 

require 



f ~ o(a,/3) _ , , , lk p(«,/3) _ n6 o(«,/3) _ n(n + 7 + 1) (ff - a) (Q)/3) 
-ln + 7 + lja« n _ 1 n0^ n+1 (2n + 7)(2n + 7 + 2) 



(B.5) 



Imposing the normalisation conditions, so that foRn \ x _ 1 = \, fi Rn \ x _ 1 = 0, de- 
termines 

n{n + P) = (n + 7 + l)(n + q + l) 

(2n + 7)(2n + 7 + 1) ' " (2n + 7 )(2n + 7 + 1) ' 1 ' } 

The corresponding two variable operator is then constructed using D defined in (B.l) 

A( £ ) = -Ac -D x -2s — ^- (x(l -x)^--x(l- x)-^) , (B.7) 

x — x V ox ax J 

and the eigenvalue equations becomes 

X(e)r>(a,P,e)_~ r>(a>,(3,e) / R o\ 

where R^m^ (y, y) are symmetric polynomials, y = 2a; — 1, y = 2x — l, with the convenient 
normalisation 

4 a /' £) (l,l) = l- (B.9) 

For polynomial solutions such that 

R ( nJ' e) (y,y) ~ k nm x n P^\y), n>m, (B.10) 
then (B.8) determines 

Cnm = + 1 + 7 + 2e) + m{m + 1 + 7) , m, n = 0, 1, . . . , m < n . (B.ll) 
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In a similar fashion to (2.40) 

A( £ ) (x - x) 1 - 26 = (x- x) 1 - 2e (A( 1 - £) + (2 + 7 )(1 - 2e)) . (B.12) 

Also for 

£+ = — (Ac ~ Dx) , (B.13) 

then analogous to (4.36) 

£+ = (A( £+1 ) + 2 + 7 + 2e) £+ . (B.14) 

Using (B.12) if 

£_ (e+1) = (x-x) 1 - 26 ^^-*) 1 ^ 6 = (x-x)- 2e (D x -D s )(x-x) 1+2e , (B.15) 

then 

£_(e+l) A (e+1) = ( A (e) + 3 + 7 + 2e ) £_( e+1 ) . (B.16) 

As a consequence of (B.14) and (B.16) 

f J}{a,0,e) _ „(e) dK/V+I) c (e+1) 7->(a,/3,e+l) _ .(e) R (a,P,e) / R 1 ^ 

Requiring (B.9) the coefficient &( e ) may be directly determined by 

= (x- x)- 2e {D x - D s )(x - x) 1+2e \ x= . =l = 2(1 + 2e)(a + e + l). (B.18) 
To calculate a^- 1 it is sufficient to note that 

A4 ( £ ) = gje+l)£ + = ( x _ x)- 2 ^ - As) (x - x) 2e (D x - D x ) , (B.19) 
is a fourth order Casimir operator such that 

and hence 

a (e) 6 (e) = c~ 4 , nm . (B.21) 
Applying (B.10) with (B.19) dictates 

C4,nm = (rc — m){n — m + 2e)(n + m + 1 + 7 )(ra + m + 1 + 7 + 2e) . (B.22) 

Just as F\ 1 \ 2 (x,x) determine the conformal partial waves G ( l ] there are harmonic 
polynomials associated with R^m^ given by 

R^ e \y,y) = Y^\a,r), a = xx , r = (1 - x)(l - x) , (B.23) 
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which play a role [23] in the decomposition of correlation functions. The differential oper- 
ator acting on Ynm^\cr, t) becomes 



J d d d d „ d d \ . d 2 
— (1 — a — r) — — a- 



V = -(1-a-r) a— + —T—+/3 — + a—)+Aar 



\da da dr dr da dr J dadr 



+ (d + 2a)a— + (d + 2P)T—, 



(B.24) 



so that 

VY^\a, r) = c nm Y^\a, r) . (B.25) 
The relevant boundary conditions are then 

1-1) , ^oc, T = W . (B, 6 , 

It is easy to see that 

R ( nJ' \y,y) = U R ^\y) R t p \y)+R^\y)Rt p) (y)) • (B.27) 

Starting from (B.27) and using (B.17) with given by (B.21) gives 

(n - m + 1) (n + m + 2 + 7) fl&f'^G/, y) 

{ ^ Riri\y)R^\y)-Riri\y)R { ^\y) (B-28) 
= 2(a + 1) — z — — . 



The results (B.27) and (B.28) correspond to (5.3) and (5.4) for conformal partial waves 

To establish further recurrt 
the non compact case we define 



To establish further recurrence relations for R^^f' 6 ^ following the same method as in 



d d 
To = x + x - 1 , T\ = x(l - x)— + x(l - x)— , 

ox ox 

T 2 = (x - x) (D x - D s ) , (B.29) 
~ / . , <9 . . d x(l — x) + x(l — x) \ , ~ ~ x 

T * = \< r ~ *>5S " ^ -^ai + fe i-g ~ ) - D ^ ■ 

and then, similarly to (4.27), 



[A^\ To] = -2T 1 + (2 + <y + 2e) f + a-p, 

[A (e) , T 2 ] = -2J- 3 + (2 + 7-2£) T 2 , 

[A< £ \ T 3 ] = T Ai £ ) - 7 J- 3 (e) - T 2 (^ i£) + 2£ (! + 7)) • 



(B.30) 
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Just as in the non compact case in section 4 the algebra (B.30) dictates that 



jr. D(a,/3,e) _ „ . r>{oL,p,e) , p(a,P,e) r>(a,0,e) , r>(a,P,e) _ r>(a,/3,e) /r> o-i \ 

- r i £l nm — u t lx n-lm ^ u i JX n+lm ^^-^nm-l tu i n nm+l + u ! %m > I^-D.OIJ 

where 

ai = (n + 1 + 7 + 2e)a , &i = -n&o, ci = (m + 1 + 7 + e)c , d = —(m - e)d , 

a 2 = - (n - m + 2e)(n + m + 1 + 7 + 2e)a , 62 = — (rc - m)(n + m + 1 + 7)60 , 

C2 = - m)(n + m + 1 + 7 + 2e)c , d 2 = - m + 2e)(n + m + 1 + *y)d , 

«3 = - (™ + 1 + l)(n - m + 2s) (n + m + 1 + 7 + 2e)a , 

^3 = (n + 2e) (n - m) (n + m + 1 + 7)60 > 

C3 = (m + 1 + 7 — e) (n — m) (n + m + 1 + 7 + 2s)cq , 

d 3 = _( m + £ )( n _ m + 2£)(n + m + l + 7)(io, (B.32) 
as well as 

(«-/3)7(2g n;Tn + (7 + 2)(7 + 2 g )) 

U ° (2n + 2 + 7 + 2£)(2n + 7 + 2£)(2m + 2 + 7)(2m + 7) ' 

(B.33) 

M2 " (2n + 2 + 7 + 2e)(2n + 7 + 2£)(2m + 2 + 7)(2m + 7) ' 

ui = \{2 + 7 + 2e)w + \{a-p), u 3 = \{2 + 7 - 2e)w 2 . 

The coefficients ao,&o 5 co,<io are determined by applying the normalisation conditions at 
x = x = 1 in (B.31) which imply ai + bi + Cj + di + it* = 1, % = 0, 0, i = 1, 2, 3. Hence 

(n + e)(n + /3 + s)(n — m)(n + m + 1 + 7) 

«o 



60 = 

Co = 

do = 



(2n + 7 + 2s) (2n + 1 + 7 + 2e) (n - m + e) (n + m + 1 + 7 + s) ' 
(n + 1 + 7 + e)(?i + 1 + a + e)(n - m + 2e)(n + m + 1 + 7 + 2e) 
(2n + 1 + 7 + 2e)(2n + 2 + 7 + 2e)(n - m + + m + l + 7 + e) 

m(m + /5)(n - m + 2s)(n + m + 1 + 7) 
(2m + 7) (2m + l + 7)(n-m + £)(n + m + l + 7 + £) ' 
(m + 1 + 7)(m + 1 + a)(n — m)(n + m + 1 + 7 + 2e) 
(2m + 1 + 7) (2m + 2 + 7)(n-m + £)(n + m + l + 7 + £) ' 



(B.34) 



The results for cii,bi,Ci,di are related for each z as a consequence of the symmetry 
relations 

d(«,/3,£) _ p("./3.e) _ D(a,/3,e) /p> qc\ 

-"-nm - £t — n— 1— 7— 2e — m — 1— 7 1K "m— en+e' \±j.<ju) 
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From (B.13) and (B.29) £+ = -{x - x)- 2 T 2 so that (B.17) and (B.31) for % = 2 with 

(n + e)(n + ft + e) 



a 2 = - 



(2n + 7 + 2e)(2n + 1 + 7 + 2e)(n - m + e)(n + m + l + 7 + e) ' 



_ (n+ 1 + 7 + e)(n + 1 + a + e) c 4; 

2 — 



(2n + 1 + 7 + 2e)(2n + 2 + 7 + 2e)(n - m + e) (n + m + 1 + 7 + e) 

/ (B.36) 

m(m + /8) C 4 ,nm 

C2 = — 

(2m + 7) (2m + 1 + 7)(n — m + e)(?i + m + 1 + 7 + e) ' 

d = jrn + 1 + 7) (m + 1 + a) c 4 , nm 

(2m + I + 7) (2m + 2 + 7)(n — m + e)(n + m + l+ 7 + £) 

determine _Rim /3 ' e+1 ' ) in terms of R^m' f° r rc/ = n, n + 2, m/ = m and n' = n + 1, m' = 
m, m ± 1, in agreement with the result in [17]. 



Appendix C. Finiteness for d = 6 

The linear combination of J-~ pq s appearing in (5.8) is determined in order to ensure 
the result is finite as x — > x. To verify this we consider the Wronskian 

W pq (x) = g p (x) g q (x) - g q \x) g p (x) . (C.l) 

The defining equation (2.33) then gives 

A ((1 _ W pq {x)) = (p-q)(p + q-l) x-\l - x)^- 1 g p (x)g q (x) . (C.2) 



d 
d 

Hence 



^ ((1 - ^r 6 " 1 ((P - 9) W P+1 q - 1 -(p-q + 2) 
= (p-?)(p-? + 2)(p + g-l) x~\l - x)^- 1 (g P +ig q -i - g P g q ) . 
Using the identity (4.7 )in (srp + i(;r)/;r)sr 9 (;r) = (/ p+ i(x)((/,(x)/x) gives 

9 P +i9q-i - 9 P 9q = (ap+i - a q ) g p+ i g q + (3 P+1 g p+2 g q - P q g p+ ig q+ i . (C.4) 
As a consequence of (C.3) this leads to the relation 

(p - 9) W p+1 g _x - (p - q + 2) W p<? 
p + Q- 1 (p-q)(p-q + 2) 

= p _ q + 1 - *u (c.5) 

+ pTVTI " 9)/3p+1 Wp+2q ~( p ~ q + w p+ 1 i+ 1 ) • 

Since J z ~ pq (x, x) = (x — x)W pq (t) + 0((x — x) 3 ), t = \{x + x), the coefficients in (5.8) are 
exactly of the form necessary according to (C.5) to cancel the singular terms as x — > x. 
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Appendix D. Free Theory and Leading Twist 

In four dimensions the conformal partial wave expansion of the four point function 
obtained from elementary scalar fields, with A = 1, has only contributions from twist two 
operators. Here we extend this to other cases. With given by (4.43) it is easy to 
see that T>^u a v a = has solutions only for (a, (3) = (0, 0), (— e, 0), (0, —e). Assuming all 
operators in the four point function have the same scale dimension, Ai = A2 = A3 = 
A4 = e so that a = b = 0, then we identify the four point function for elementary scalars 
as satisfying V^u~ e F(u 1 v) = so that it has the general form 

F(u,v) = l + Cu £ + C'(^y , (D.l) 

where 1 corresponds to the identity in the operator product expansion and the two point 
function has been normalised to 1. Crossing symmetry requires also C = C = 1 but we 
relax that here for generality. 

As a consequence of (4.53), with b = 0, N = 1, the conformal partial wave expansion 
is restricted to be 

F(u,v) = Y,ax 1 F Xl£ (x,x). (D.2) 

Ai 

To determine the coefficients it is sufficient to consider only x = x a,s the solutions of 
are determined in terms of f(x,x). From (D.l) we have 

F M \ x ^ = l + Cx^ + c\-^-) 2 \ (D.3) 

For e = I then from (6.4) and (6.6) with (6.17) and (6.19) the partial wave expansion 
(D.2) requires 

1 

x -\ +Cx^+ C'^- = J2 a Xi 9xM h x ) ■ ( D - 4 ) 
1 x x, 

This has a solution 

a_i=l, ai=C + C a p+ i = (C(-l) p + C')2- (2p -^ for p=l,2,.... (D.5) 

Note that in this case F_i 1 = F 00 = 1. 

When e = 1 we may use (5.13), with b = 0, so that (D.2) with (D.3) become 

F ^ v )\x-x = x2 y2^- a *i9\i(x) -- + Cx + C'-^— +a = V -*-a Al # Al (a;) , 

lx_x t—*' X\ x 1 — x t—* 1 X\ 

Ai Ai 

(D.6) 
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for some arbitrary constant a. Matching the power expansions on both sides gives 

a_i = l, a p+1 = (C(-l) p + C) P=0,1,..., (D.7) 

agreeing with the result in [11] since for £ = 1 F_n = F o = 1. 

In the six dimensional case, e = 2, we may use from (5.14) and (5.17), with a, b = 0, 
(Ai + l)Ai(Ai - l)Fx l2 (x,x) = x 4 (x^ Al (0, Hence (D.2), with (D.3), reduces to 

^ 4 + C + C 'jY~y = E (W^I) (* ^ (0, -1; *))"' , (D.8) 



or 



1 1 

+ ^ + C '^(T^) + I + 6 + c * = E (AT+ITO^i) «M ^ (0, -1; s) , (D.9) 
with a, 6, c arbitrary. The solution is now 

«-2 = l, a p+2 = (C(-l)P + C") - P = ' 1 '---' (D.10) 

and now -FI22 = -^bo = 1- 



Appendix E. Expressions in terms of Jack Polynomials 

Jack polynomials are a class of symmetric polynomials depending on a parameter [25] . 
For two variables, which are sufficient for our purpose, we consider P\^\ (x, x), Ai — A2 G N, 
forming a basis for homogeneous symmetric functions in x,x of degree Ai + A2. Moreover 

Pi £ \ 2 (x,x) = (xx) x > Pjf^o^i) , (E.l) 

where P^(x, x) is a polynomial of degree t. Here the normalisation is chosen so that 

P ( Xl \ 2 (x,x) = x x ^ , Pg^fax) _~_ o c^_ X2 x^x^ , (E.2) 

with c x e ^_ x given by (2.30). For two variables Jack polynomials are expressible in terms 
of single variable Gegenbauer polynomials where with the conventions in (2.29) 

P { x £ \ 2 (x,x) = (**)*< Al+Aa ><%_ A >), (E.3) 

for a given by (2.26). 
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A formal solution for F\ 1 \ 2 (x,x) was obtained previously [12], following [14], as a 
double series in terms of Jack polynomials (x,x) where 



F xX a (*>*)= E rmnPg+mXt+nfax). (E.4) 



m , n > 



For roo = 1 (E.4) satisfies (2.18) and indeed the first term in the expansion in (E.4) is 
identical with the leading short distance contribution given by (2.25) and (2.28). 

The coefficients r mn in (E.4) are determined, starting from roo, using 
A<«>(a,&) pM, = (MA, - 1) + A 2 (A 2 - 1 - 2 £ ))P<f A 2 

-ST7 (Al + o)(Al+6) <«- <^> 

which leads to a recursion relation for r mn . Requiring r mn = for m — n + Ai — A2 = — 1 
there is a general solution for any s but it is very unwieldy, although the result was used 
in [12] to derive various recursion relations for (x, x) for arbitrary e. 

If Ai = A2 = A the result simplifies to 

(A + a) m (A + b)m (A + a - e) n (A + b - e) n (2e) m _ n (m - n + e) 
rmn " (2A) m (2A- £ ) n n!(m-n)!(e) m+1 ' l ' J 

and if £ = — ^ then 

{ (2A+2a) 2 „ (2A+2b) 2rl _ 
(2n)!(4A) 2 „ ' rn-n, 
(2A+2a) 2tl+1 (2A+2b) 2 „ +1 , -, (E.7) 

(2n+l)!(4A) 2 „ + 1 ' 
, m > n + 1 . 

It is easy to see that the summation reproduces (6.3), using (E.2). 

When A2 = s — b — N, or similarly when A2 = £ — a — N , it is easy to see that in 
the solution (E.4) the summation over n truncates to n = 0,1,..., AT. Acting on Jack 
polynomials Pj[^ (x, x) with the differential operator V^ e \ defined by (4.43), gives 

^ £) Ptl = (^+^2Pitix 2 -i =► 2> (e) Pif = 0- (E-8) 
Assuming (E.3) this is equivalent to the standard differential equation for Cf . Applying 



(E.8) to the solution (E.4) for (xx) A2 -F\iA 2 x), expressed in terms of P^ mn , 



n 
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0,1, ... ,N, is an alternative justification for (4.53). For N = there is then just a single 
series so that 

m=0 ^ ^ /Al V 

For the case of primary interest here, e = \, Gegenbauer polynomials become ordi- 

( i ) 

nary Legendre polynomials Pg and Jack polynomials are expressible just by P^ (x,x) = 
(xx)^ e Pi(a) for a is defined in (2.26). Using the representation provided by (6.13) it is 
easy to see, using (E.l), that (E.9) is identical with (6.4) and (6.19) since c/ 1 -* = eg in 
(6.21). In general for e = \ the Jack polynomial expansion (E.4) can be recast as 

F$l(x,x) = u x '± fdsX* J2 r mn (^) n X™, (E.10) 

^0 m,n>0 

m-n + e>0 

where we may note that, as a consequence of (6.25) and (6.11), for any integer p 

(p + 1) X p+1 + p uXP- 1 - (p + |) (x + x)X? ~ , ^ . (E.ll) 

(E.ll) is equivalent to the standard recurrence relation for Legendre polynomials. 
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